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Abstract. Subshifts with property (A) are constructed from a class of di- 
rected graphs. As special cases the Markov-Dyck shifts are shown to have 
property (A). The 7\l-graph semigroups, that are associated to topologically 
transitive subshifts with Property (A), are characterized. 



1. Introduction 
Let E be a finite alphabet, and let S be the shift on the shift space X z , 

An S- invariant closed subset X of E z is called a subshift. For an introduction to 
the theory of subshifts see |Kij or |LMj . In [Ki2 a Property (A) of subshifts was 
introduced that is an invariant of topological conjugacy. Also in |Kr2j a semigroup 
was constructed that is invariantly attached to a subshift with property (A). Pro- 
totypes of subshifts with Property (A) are the Dyck shifts |Krlj . To recall the 
construction of the Dyck shifts, let N > 1, and let a" (n), a + (n), < n < N, be 
the generators of the Dyck inverse monoid (the poly cyclic monoid |NPj ) T>n, that 
satisfy the relations 

I (J, it n f= m. 
The Dyck shifts are defined as the subshifts 

D N C ({aT(n) : < n < N} U {a + (n) : < n < N}f 
with the admissible words (<Tj)i<j<j,i G N, of Djy,N > 1, given by the condition 

a) n 

l<i<I 

The Dyck inverse monoid T> n is associated to the Dyck shift Dm- 

We recall from |Kr4] the notion of a partitioned directed graph and of an TZ- 
graph. Let there be given a finite directed graph with vertex set *}3 and edge set £. 
Assume also given a partition 

£ = £-\j£ + . 

With s and t denoting the source and the target vertex of a directed edge we set 

£ _ (q,r) = {e~ e £~ : s(e~) = q, t(e~) = r}, 

£+(q } r) = {e- £ £+ : s(e+) = r, t(e+) = q}, q, r e «P- 

We assume that £ ~(q,t) ^ if and only if £+(q,t) / 0, q,r G *P, and we assume 
that the directed graph ($$,£~) is strongly connected, or, equivalently, that the 
directed graph (?p,£ + ) is strongly connected. We call the structure ,£ + ) a 

partitioned directed graph. Let there further be given relations 

ft(q,t)c£~(q,t)x£+(q,t), q,t€tp. 
i 
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and set 

TZ= \J ft(q,t). 

q,r£<p 

We call he resulting structure, for which we use the notation Gnfifi, £~, £ + )- an 
7\L-graph. 

We also recall the construction of a semigroup (with zero) <Stj(^3, £~, £ + ) from 
an 7£-graph G-ji(ty,£~ ,£ + ) as described in |Kr4j . The semigroup <S-rPP, £~, £ + ) 
contains idempotents l p , p E *P, and has £ as a generating set. Besides l2 = l p , p E 
*P, the defining relations are: 

r<? + = lq, r er(q,t) )9 +ef + (q,r) ) (/- l9 +)€%t) ) q,t£*P, 



and 



l q e = e l t = e , e e£ (q,t), 
l r e+ = e+l q =e+, e+E£ + (q,r), q,tE<P, 



f-q+ = { q ' 

\0, if (f-,g+) in(q,t), f- e£-(q,v),g+ ££+(q,t), q,t£<P, 

and 

l q lt = 0, q,t£<P,q^t. 
We call Sizffi, £~, £ + ) an 7\L-graph semigroup. 

Special cases are the graph inverse semigroups of finite directed graphs Q = 
0P,£ o ) ([M],lLl Section 10.7.]). With the edge set £~ = {e~ : e Q E £ } of a copy 
of (*p, £ ), and with the edge set £ + — {e~ : e Q E £ } of the reversal of (*p, £ Q ), the 
graph inverse semigroup Sg of (Vfi, £ ) is the 7?.-graph semigroup of the partitioned 
graph (<p, £~,£+) with the relations 

^(q,*) = {( e o > e o) : e o € £ o ,s(e ) = q,*(e Q ) = t}, q,t E <p. 
For the 7?.-graph semigroups with underlying graph a one-vertex graph see also 
[HKl Section 4]. 

In |HIj a criterion was given for the existence of an embedding of an irreducible 
subshift of finite type into a Dyck shift and this result was extended in HIK] to a 
larger class of target shifts with Property (A). These target shifts were constructed 
by a method that presents the subshifts by means of a suitably structured irre- 
ducible finite labeled directed graph with labels taken from the inverse semigroup 
of an irreducible finite directed graph, in which every vertex has at least two incom- 
ing edges. This method was extended in |Kr4) by the use of 7\L-graph semigroups. 
Following HIK] IKr4) we describe this construction. Given an 7\L-graph semigroup 
S n (y$, £-,£+), denote by <S^(*P, £~)(S^, £+)) the subset of S^PP, £~,£ + ) that 
contains the non-zero elements of the subsemigroup of S-r (*P, £~ , £ + ) that is gen- 
erated by £~{£ + ). Let there be given a finite strongly connected labeled directed 
graph with vertex set V and edge set E, and a labeling map A that assign to every 
edge a E E a label 

(G 1) \{p) E S K (<P, £-) U {l p , p E *P} U S+OP, £+). 

The label map A extends to finite paths (<7i)i<;</ in the graph (V, E) by 

A((cTj)i<j</) = Y\_ K a i)- 
i<i<i 

Denoting for p E *P by V(p) the set of V E V such that there is a cycle (<Ji)i<i<i, I E 
N, in the graph (V, E) from V to V such that 

A((cr,)i<,<_r) = l p , 

we require the following conditions (G 2 - 5) to be satisfied: 
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(G2) V(p)^0, pe*p, 

(G 3) {V(f>) : p G <£} is a partition of V, 

(G 4) For V G V(p), p G *P, and for all edges cr that leave V", l p A(cr) ^ 0, and for all 
edges a that enter V, A(cr)l p ^ 0, 

(G 5) For / G <Sfc(qi,£-,£ + ),q,t G qj, such that l q /l t ^ 0, and for J7 G V(q), VF G 
V(r), there exists a path 6 in the labeled directed graph (V, £, A) from U to W such 
that \{b) = f. 

A finite labeled directed graph (V, £,A), that satisfies conditions (G 1 - 5), 
gives rise to a subshift Xffi, E, A) that has as its language of admissible words 
the set of finite paths b in the graph (V, S, A) such that X(b) ^ 0. We call 
the subshift Xffi, E, A) an S-jiity, £~, £ + )-presentation. Using the identity map 
id£-u£+ on £ U£ + C Src(q3, £~, £ + ) as label map, one obtains particular cases of 
<StjOP, £ + )-presentations that we denote by X(£~l)£ + , *p, id £ - u£ +). In the case 
of the inverse semigroups Sg of strongly connected finite directed graphs Q these 
Sg-presentations are Markov-Dyck shifts [M]. Also the Markov- Motzkin shifts [KM] 
of strongly connected finite directed graphs Q are iSg-presentations. 

Given finite sets £~ and £ + and a relation 1Z C £~ x £ + , we set 

= {e~ £ f~ : {e~} x £+ c ft}, £+(ft) = {e+ G £ + : £~ x {e+} C ft}. 

For a partitioned directed graph (<p,£~,£ + ) denote by SJJW the set of vertices 
in *p that have a single predecessor vertex in £ ~, or, cquivalcntly, that have a single 
successor vertex in £ + . For p G q^ 1 -* the predecessor vertex of p in £~, which is 
identical to the successor vertex of p in £ + , will be denoted by 7?(p). For an ft-graph 
Gtz(^, £-,£+) we set 

£ n = \J £-(n(r)(p),p)), £+ = |J £ + (n(rj(p),p)), 

and 

<P« = {p G <P« : ft(? ? (p),p) = £-(v(p),p) x 5+(r,(p),p)}. 
We formulate three conditions (I), (II) and (III) on ft-graphs Gnity, £ ■ £ + )- 
Condition (II) comes in two parts (II—) and (11+) that are symmetric to one an- 
other: 

(I) For p G <pW \<p£\ £-(n( V (p),p)) = 0, or £+(Tl(r ] (p), p)) = 0. 

(II—) There is no cycle in the directed graph (<p,£~) that contains only edges 
in £^ and that contains at least one edge e~ G £^ such that i(e~) G ^P 1 - 1 ' \ ^P^'- 

(11+) There is no cycle in the directed graph (<$,£+) that contains only edges 
in £^ and that contains at least one edge e + G £^ such that s(e + ) G \ ty-j^ ■ 

(Ill) For q, r G ^P*- 1 ' , q + 1 1, there does not simultaneously exist a path /~ in £ 7l 
from q to r and a path / + in £^ from q to r, such that there is at least one edge 
er in /~ such that t(e~) G or there is at least one edge e + in /+ such 

that s(e+) G q3W\q3^. 

We show in Section 2 that an S-jiity, £ ~, £ + )-presentation has Property (v4) if 
and only if the ft-graph Gn(ty , £~ , £ + ) satisfies Conditions (I), (II) and (III). In 
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particular the , £ + )-presentations X(£ U £ + ,ids^^ £ _ ) have Prop- 

erty (A) if and only if the ft-graph Gnity, £~ , £ + ) satisfies Conditions (I), (II) and 
(III). This implies that Markov-Dyck shifts of strongly connected finite directed 
graphs have Property (A). Also the Markov-Motzkin shifts of strongly connected 
finite directed graphs have Property (A). 

In Section 3 we describe how one can obtain from an 7\L-graph £ ~, £ + ), 

that satisfies conditions (I), (II) and (III), an ft-graph £7^(?JJ, £~, £ + ) such that the 

ft-graph semigroup Sj^ffi, £~ , £ + ) is associated to any Snffi, £ ~ , £ + )-presentation. 
The procedure first produces an intermediate directed graph by identifying edges 
in the directed graph Gn (*p, £~ , £ + ), and then contracts the rooted subtrees of the 
intermediate directed graph to their roots. Here <Sjg(?JJ, £ ~, £ + ) is a homomorphic 
image of Sn{ty, £~ , £ + ). 

In Section 4 we look at examples of ft-graphs with two or three vertices, that 
give rise to a subshift whose associated semigroup is the semigroup of an ft-graph 
with one vertex. 

In Section 5 we consider the Markov-Dyck shifts of directed graphs with three 
vertices whose associated semigroup is the graph inverse semigroup of a directed 
graph with two or three vertices. Given finite sets £~ and £ + and a relation 
TZ C £~ x £+, we set 

= i e+ e £+ ■ ( e "> e+ ) e e ~ e £~, 
fi K ( e+ ) = {e" G £~ : (e~,e+) G ft}, e+ G £+. 

In Section 6 we prove that an ft-graph semigroup S-jiity, £~ , £~) is associated 
to a topologically transitive subshift with Property (A) if and only if the 7£-graph 
Gn{ty, £~,£~) satisfies the following conditions (a), (6), (c) and (d). Condition (a) 
and (6) come in two symmetric parts parts, (a—) and (a+), and also Condition (b) 
comes in two symmetric parts parts, (b—) and (b+): 

(a-) n+ M (e-)^fl+(e-), e~ ,e~ e £~ (q,x),e~ ^ e~ , q.teqj. 

(a+) 0- (q r) (e+)^0-(e+), e+, e+ G £ +(t, q), e+ ^ e+ q,te«P- 

(6—) There is no non-empty cycle in £^. 

(b+) There is no non-empty cycle in 

(c) Forp G such that r?(p) ^ p, £-(ft(r?(p), p)) - 0, or £-(1Z(r](p), p)) = 0. 

(d) For q, r G Cp 1 - 1 ^ , q ^ t, there do not simultaneously exist a path in £^ from 
q to r and a path in £^ from q to r. 

2. 5 K (*P, £",£+ ^PRESENTATIONS 

For a semigroup (with zero) S, and for F G S we set 

T(F) = {(G~,G + ) eSxS: G~ FG+ ^ 0}, 
and we call T(F) the context of F. 

Lemma 2.1. Let Gn(y$,£~ ,£ + ) be an IZ-graph such that 

<p (1) \<p^V0- 

Let p G , and lei M £ N &e i/ie maximal length of a path in £~ that ends at p 
and that enters only vertices in For an m G [1,M], let h + be a path in £ + 

of length m that begins at p, and let h~ be a path in £~ of length m that ends at 
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p. Also let f~ be a path in £~ that ends at p and f + be a path in £ + that begins 
at p. Then the context of f~f + is equal to the context of f~h + h~ f + . 

Proof. The lemma reduces to the case that the paths /~ and / + are empty. What 
is to be proved is that the context of h + h~ is equal to the context of l p . Let 
pm, 1 < m < M, be the vertices that are entered by a path in £ + of length M that 
begins at p. The proof is based on the observation that for a path g~ in £~ of 
length Too that begins at p, and a path g + in £ + of length m that ends at p, one 
has 

(2-1) g-h+h-g+ = l Pmo = g-g+. 

For a path 

9~ = (e m )i<m<m(-), m(-) £ N, 
in £~ that ends at p, and a path 

9 + =(Ol<m<m(+), m(+) G N, 

in £ + that begins at p, one has, in case that m(— ),m(+) > M, that 

g g+ = ( n e m)( n e «)' 

l<m<m(-)-M l<m<m(+) 

and by (2.1) 

g-h+h-g+ = 

( n e «)( n e m )h+h-( n e -x n o= 

l<m<ro(-)-M l<m<m(+) l<m<m(-)-M l<m<m(+) 



( n ow n e ™)=( n ^ n e ™)- 

l<m<m(+) l<m<m(-)-M l<m<m(-)-M l<m<m(+) 

Also one finds in the case that m(— ) < M or to(+) < M, that the pair (g~,g + ) is 
in the context of h + h~ and also in the context of l p . □ 

Lemma 2.2. Let £ + ) be an IZ-graph that satisfies conditions (I), (II) 

and (III), such that 

(2.2) 

and let q, r e ^P*- 1 ', q 7^ t. TTiera at most one of the following cases (A—), (A+) and 
(B) can occur 

(A+) There exists a path in £^ from q to r. 
(A—) There exists a path in £^ from q to r. 
(B) There exists a vertex p € ^3 together with a path 

9 + = (< )i<i+<i+, /+GN, 
in £^ from q top, and a path 

9~ = {ei + )i<i+<i+, i+eN, 
in £^ from p to x, such that 
(2.3) s(e+) ^(ei"). 

In case (B) the vertex p is uniquely determined by the vertices q and r. 
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Proof. That (A—) and (A+) cannot occur simultaneously is Condition (III). 

We prove that (B) cannot occur simultaneously with (A+). For this we note 
first, that, as a consequence of (2.2), there cannot simultaneously exist a path 

/" = (e t -_ )i<i_</_, /-6N, 
in £^ from q to r such that 

ifc)6^, 1 < <_ < J_, 

and a path 

/ + = (<)i<i + </ + > /+GN, 
in £^ from q to r, such that 

*(<)eqj^, l <*+</+. 

For, in this case one could choose edges ej_ G £^(s(e^_),t(e^_)), I- > i_ > 1, to 
obtain a path 

/ + = (e+ + )/_>i_>i, 

in £^ from r to q, in this way producing a cycle in £^, all of whose vertices are in 
9?7^, contradicting (2.3) by the irreducibility assumption on the partitioned graph 
(%£-,£+). 

As a consequence of Condition (II) one can consider the path 

h+ = {et + )i< i+ <H+, 
of maximal length 77+ in £^(£~) that starts at q and also the path 

h~ = {ef_ )i<,_<h_, 
of maximal length 77_ in £^(£ + ) that ends at r. The vertex set 

{*(<): 1 < i+ < 
is uniquely determined by q and the vertex set 

{ S (er_) :!<;_<#_} 

is uniquely determined by r. The case (B) occurs if and only if these two vertex 
sets intersect. We assume that this is the case and we observe that there is then 
a unique vertex p in the intersection such that, with the indices i° + e [1,77+] and 
i°_ e [1,77_] given by 

P = t(e+ l ) = S (e+J, 

one has that 

(2.4) s(e +)^(e+). 
Assume now that there is a path 

/ + = (<)i<, + </ + , /+GN, 
in from q to r. 7+ > i° + would violate Condition (III), since the paths 

( e t- )i° + <i+<I+ ) 

and 

<i-<H_, 

would both start at p and end at r. 7+ = i° + would violate Condition (II—), and 
7 + < i° is impossible by (2.4). It follows that (B) cannot occur simultaneously with 
(A+). The proof that (B) cannot occur simultaneously with (A—) is symmetric. □ 



A CONSTRUCTION OF SUBSHIFTS AND A CLASS OF SEMIGROUPS 



7 



We introduce notation and terminology for subshifts. Given a subshift IcS 
we set 

x [i,k] = (xj)i<j<k, x e X,i,k e Z,i < k, 

and 

x [i,k] = i x [i,k] ■ x G X}, i,k G Z,i < k. 
tt p denotes the period of a periodic point p of X. 
We set 

r(«) = [J {(b,c) G -X"[i-n,i] x X [k,k+m] '■ Q>,a,c) G -Xp-n./fe+m]}) 
n,mEM 

a G -X'fijfei ,i,k G Z, i < fc. 

and call T(a) the context of a. We set 

r rt( a ) = i b £ ^(fe,fe+n] : (a, 6) G ^% fe+n] }, 

n G N, a G -X^fci ,i,k E Z,i < k. 

r~ has the symmetric meaning. We set 

^ + (a)=un n { & e^(fe,fe+n] : (c,o,6) ev,^,}, 

neN neN ce r~ (a) 

a G -X"[i,fe] , i, fc G Z, i < fc. 

has the symmetric meaning. 

Given a subshift I C S z we define a subshift of finite type (more precicely, an 
n-step Markov shift) A n (X) by 

A n {X) = f]({x G X : a; 4 G w+(x [i _„ i i ) )} n ({a; G X : x, G ur(a: (M+ „])}) n£N, 
and we set 

A(X) = |J A n (X). 

nSN 

We denote the set of periodic points in A(X) by P(A(X)). The subshifts X C S z : 
that we consider in this paper are such that P(A(X)) is dense in X. We introduce 
a preorder relation > into the set P(A(X)) where for q,r G P(A(X)) means that 
there exists a point in A(X) that is left asymptotic to the orbit of q and right 
asymptotic to the orbit of r. The equivalence relation on P(A(X)) that results 
from the preorder relation > we denote by ~. 

We recall from |Kr2] the definition of Property (A). For n G N a subshift IcS z , 
has property (a, n 7 H),H G N, if for h,h> 3H and for 7 + G Z, such that 

I+-I-J+ ~I-> 3#, 

and for 

a G A n (X)(j_ )J+ ], a G ^n(^")(j_ i f +]) 

such that 

a (/_,/_+ff] = 5(7_ a (/+-ff,.r+] = S, (7+-h,7+]' 

one has that a and a have the same context. A subshift X C S z has property (j4) 
if there are iJ n , neN, such that X has the properties (a, n, iT n ), n G N. 

Theorem 2.3. for a IZ-graph Gnffi, £~ , £ + ), <SrOP, £~, £ + ) -presentations have 
property {A) if and only if satisfies Conditions (I), (II) and (III). 
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Proof. Assume that the 7?.-graph GnCP,£ ,£ + ) does not satisfy Condition (I). 
Then let 

(2.5) pe«p (1) \<P&\ 

and let 

(2.6) e-€£-(p), e+eS+(p). 

Choose vertices U E V(p), W 6 V(r](p)) and choose a cycle b in the directed graph 
(V, E) from U to U such that X(b) = l p . It is 

(2.7) b 2m G £(A n pf(E, A))), n > £(b), m G N. 

Also choose a path &~ in the directed graph (V, E) from to W such that A(6~) = 
e~ and also a path b + from IT to W such that A(6 + ) = e+. By (2.6) and (2.7) 

(2.8) b m b-b+b m e £(A n (X(Y,,X))), n>t(b),£(b-),e{b+), m e N. 
By (2.5) there are 

e~ G£-( V (p),p), e+ G£+(T](p),p), 

such that 

(2.9) e~e+ = 0. 

Choose a path b~ in the directed graph (V, E) from U to W such that A(6~) = e~ 
and a path b+ from V to such that A (6+) = e+. By (2.6) and (2.9) 

X(b-b m b-b+b m b+) = l v{p) , \{b-b 2m b+) = 0, meN, 

which means that 

r(6 m 6_6+fe m ) ^T(6 2m ), meN, 

and in view of (2.6) and (2.8) it follows that the subshift A(*}3, E, A) does not have 
Property (A). 

Assume that the 7?.-graph Q-ji(V,£~ ,£ + ) does not satisfy Condition (II—), and 
let (e^)kez/KZ, K G N, be a cycle in £~, where 

(2.10) el e£ ni ke Z/KZ. 
Set 

p k = t(el), keZ/KZ. 

We note that due to the irreducibility assumption on the partitioned directed graph 
(«£,£-,£+), one has that = {p fc : k G Z/KZ}. Also let 

(2.11) p eyW\y$. 

Choose vertices 

Vi G V(Pfe), fc G Z/KZ. 

Choose a cycle 6 in the directed graph (V, E) from Vb to Vo such that X(b) = l Po . 
One has 

(2.12) 6 2m G £(A„(A(E, A))), n > 1(b) meN. 

Choose paths bk in the directed graph (V, E) from V fc _ 1 ( mod x) to V k ,k G Z/KZ, 
such that 

A(6 fc ) = , fee Z/A"Z, 

One has by (2.10) that 

(2.13) b m ((b k ) Q < k<K )b m g£(A„(X(e,a))), n>%),fcez/ra, 

n > £(6) to G N. 
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By (2.11) there are 

e~ G £~(K(p^ 1{modK) ,p )), e + G £ + CK(p_i (modK ),Po)), 

such that 

(2.14) e~e+ = 0. 

Choose a path b~ in the directed graph (V, S) from V-i( mo dK) to Vo such that 

X(b-) = e-, 

and choose also a path b + from Vo to ^_i( mo dK) sucn that 

A(6+) =e+. 

Then by (2.8) and (2.14) 

A(6_6 m ((fe fc ) < fc <x)& m fo+) = l P _ 1(modK) , X(b-b 2m b + ) = 0, m e N, 
which means that 

r(b m ((b k ) < k<K )b m ) + r(b 2m ), men, 

and in view of (2.12) and (2.14) it follows that the subshift X(y}, S, A) does not 
have Property (A). 

The proof, that the subshift X(^, £,A) does not have Property (A), if the 7£- 
graph t/7j(*P, £ ~, £ + ) docs not satisfy Condition (II+), is symmetric. 

Assume that the 7^-graph Gtz(^P,£~ ,£ + ) docs not satisfy Condition (III), and 
let there be given q,r G ty^, q ^r, and a path (e~ k _)i< k _<K- , K- G N, in £~ from 
q to r, where 

(2.15) e k _ e£ n , l<k-<K_, 
and assume for a k°_ G [1, that 

(2.16) p fe o eqjM^W 

Let there also be given a path (e^ + )\< k+ <K + , K + G N, in £ + from q to r, where 

(2.17) e+ + G f+, 1 < fc+ < K+. 
Set 

Po = Po~ = 1) Pk_ = Pk + = r ^ 

and 

Pfc_=*( e L)> l<fc-<A"-, 
Pfc + =*(<). l<fc+<^+- 
We choose G £ + (pfc_-i'Pfc_)' 1 < k- < K_, such that 
e k _e k _ = lfe__i, l<fc_<^_, 

and G £~(pfc + 'Pfc + -i)> 1 — ^+ - sucn tnat 

efc + e+ + -l fe+ , l<fc+<i^+. 
By (2.16) there are e~ G £~(pfc° _nP k o )i e+ <= f + (p^o _ l5 pfeo ) such that 

(2.18) e~e + =0. 
Choose vertices 

V,GV(q), V x G V(r), 

and vertices 

V eV(p fc -J, l<k.<K_, 

fc_ 
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and 

^ + eV(p+), \<k + <K + . 

Choose a cycle 6 q in the directed graph (V, S) from V q to V q such that A(6 q ) = 
lq, and also a cycle b q from V q to V q such that A(6 q ) = l q , Also choose paths 
K , 1 < k- < in the directed graph (V, £) from V - to V - such that 

M&L) = e L> i<fc-<#-, 

and also paths b\ , 1 < k + < K + , from V + to VL + such that 

A(6+)=e+, l<fc+<if + 
As a consequence of (2.15) and (2.17) one has 

(2.19) 6 q n ((^_) 1 < fe _<^_)6™ e£(A„(X(E,A))), n > ^>r_), 1 < fc_ < 

(2.20) 6™((6+) 1 < fc+ < A:+ )6™Gr(A l (A:(E ) A))) ) n >*(&+), 1 < fc+ < JT+ 

n > ^(6 q ),^(6 t ), meN. 

Choose paths 6^ ,1 < fc- < in the directed graph (V, X) from VJ, fc _ to 
V P( ._ _j such that 

M6*_)=^_. l<k-<K_, 
and also paths 67 , 1 < k + < K + , from V n + to VL+ such that 

M^ + ) = er + , i<fc+<if+. 

One has 

A (M(t )fe°_<fc-<K_)((bfe + )if + >fe + >l) 

^((^_)l<fe-<^-)^ 

((^_k_> fc _>^),6+) = 

n e fe-)H n ^ + ))( n e D), 

fe°_<fe_<A:_ A" + >fe + >i i<fc_<fe° 

By (2.18) 

A (M( 5 feJfc°_<fc_<A-_)((fcfe + k + > fe+ >i) 

W><*+<*+ 6 r 

((^_k_>fc_>fc°)6 + ) =0, meN. 

One sees from this that 

nK^lJi<k-<K-)K) * nb™(bt + )i<k + <K + b?), m e N, 

and in view of (2.19) and (2.20) it follows that the subshift X(y}, S, A) does not 
have Property (A). 

The proof, that the subshift X(^p, S, A) does not have Property (A), if, with a 
fc+ 6 [l,if + ], the assumption (12) is replaced by 

is symmetric. 
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For the converse consider an 7?.-graph Qn(?(i,£~ ,£ + ) that satisfies conditions 
(I) and (III) and that has no cycle in £^ nor in £^. For a given S-^iV, £ ~, £ + )- 
presentation X{$$, S, A) we determine for n € N and Q-,Q + G Z, Q + — Q_ > 2n, 
the blocks 

{Oq)Q-<q<Q + G Af(E, A)(Q_ >Q+ ] 

such that 

(2-19) (<7q)Q-+n<q<Q + G ^+ ( (<7 g )q_ <(? <Q_ +„) , 

and 

(2-20) (0- 9 )q_<,j<Q + -„ £ L0~((<7q)Q_-n<q<Q + )- 

One has p(-),p(+) e *P, J-(-), ■/+(-), ■/-(+), ■/+(+) G N, and 
e+ ( _)(-)G,? + , J+(-)>j + (-)>0, 

e7_ ( _)(-)Gf-, 0<j_(-)< J_(-), 

e+ (+) (+)ef+ J+ (+)>.?+(+) >o, 

e7_ (+) (+) G £-, 0<i_(+)< J_(+), 

such that 

A((ct 9 )q_ <9 <q_ + „) = ( JJ e++(-)) 1 P(-)( II e 7-(-))' 

J+(-)>j+(-)>0 0<j_(-)<J_(-) 

A((cr 9 ) Q+ _„ <9 < Q+ ) = ( JJ e+ (+) )l p(+) ( JJ e7_ (+) ), 

J+(+)>j+(+)>0 0<j_(+)<J_(+) 

and one also has p £ *p, J_, J + e N, and 

J+>i+>0, 
e7_Gf", 0<j_<J_, 

such that 

H(< J q)Q + <q<Q+) = ( II e j"+(-)) 1 P(-) 

J+(-)>j+(-)>o 

( n n e 7-) 

^+>j+>0 0<j_<J_ 

i p(+)( n e 7-(+))- 

0<j- ( + )<•/-(+) 

P(-)e<P (1) , 
e+G£+, J+>. ?+ >0, 



As a consequence of (2.19) 
and 



3+ 

and a s a consequence of (2.20) 

p(+)e<P (1) , 

and 

ej_e£ n , 0<j-<J-, 

There are the following cases (A), (B) and (C) 

(A) J_ = 0, J+ > 

(B) J_ > 0, J+ = 

(C) , J_ = J+ = or J_ > 0, J+ = 0. 

Given that the 7^-graph Qn($S,£~ ,£ + ) satisfies Conditions (I), (II) and (III), 
we see from Lemma (2.2) that p(— ) and p(+) determine which one of these cases 
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occurs, and from Lemma (2.1) one sees that the context of {o , q)Q_< q <Q + is always 
determined by the pair 

(( n < ( -))ip(-),ip( + )( n w)> 

J+(-)>j+(-)>0 0<j- (+)<•/-( + ) 

which means that this context is determined by the segments (o- q )Q_ <q <Q_+n 
and {<Jq)Q_-n<q<Q + - We have shown that the subshift X(^S, E,A) has Property 
(a, n, n). 

To conclude the proof, observe that in the case that the 1Z- graph Gn&i 
is such that = ty-j^, the subshift X($i, E, A) is the edge shift of the directed graph 
(V, E), and as a topological Markov shift it has Property (A). □ 

3. The 7£.-graph semigroup associated to an 

SnCP, £ ~, £ + )-PRESENTATION 

Following the terminology that was introduced in jHIj we say for an 7£.-graph 
and an S-r(?(S, £ + 1 £~)-presentation X($$, E, A) that a periodic point in A(X(E, A)) 
is neutral if there exist J 6 Z and p 6 such that A^j^+^O = l p . and we say 
that a periodic point in A(X(T,, A)) has negative (positive) multiplier if there exist 
I G Z and p G <p such that A(p [/J+7rp) ) G 5^(qj, £+, £-)(S+(<P, £+, £')). 

Lemma 3.1. Let Quity, £ ~ i £ + ) be an IZ-graph, that satisfies Conditions (II) and 
such that 

(3.1) ^\qp£V0, 

and fei A"(<p, E,A) be an S-ji(?fi,£~ ,£ + ) -presentation. Then a periodic point of 
X ($P, E, A) is in E, A)) if and only if it is neutral. 

Proof. Let 

(3.2) P eOT,s,A)). 
and let J G Z be such that 

HPIU+, P )) e5+(^3, £-,£+) U{l p :pe¥}US n (¥, £-,£+). 

If here 

A( P[/ , J+ ,, ) )G5+(qj,f-,f+), 

then it follows from (3.2) that X(p[jj +7Vp )) is given by a cycle in the directed graph 
£~ that goes from p to in p, all of whose edges are in contradicting Condition 
(II-) and (3.1). For the case that 

A(P[/,/ +Wp )) eS+ CP, £-,£+), 

one has the symmetric argument. 

For the converse, note that X(p[ij+Tr p )) — lp, implies p G ^^(^(E, A)). □ 

Given finite sets £~ and £ ~ and a relation 7?. C £ _ x £ + , we introduce an equiv- 
alence relation ~ (TZ,—) into £~~ , where e~ ~ (lZ,—)e~ if and only if f2^(e~) = 
f2^(e _ ), e _ , e~ G £ _ . An equivalence relation ~ (72.,+) on £ + is defined symmet- 
rically. 

From an 7£-graph Gnffi, £~ , £ + ) we derive an 7^-graph G^ity, £r> by iden- 
tifying edges that are (TZ, — ) -equivalent, that is, by setting 

£n = U ^fa> c )' 
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and by identifying edges that are ~ (JZ, +) -equivalent, that is, by setting 

£n = U ^(q^)' 

q,re<p 

setting 

s([e~]~(TC,-)) = «(e"), i([e-]^ (TC _)) = i(e _ ), e'eT, 

t([e-]~ (Wl+) )=t(e-), e+ e f +, 

£ = {([e-]~ ( w,-), [e + ]~(^ +) ) : (e" e+) G ft}. 
We note that q}^' is the set of vertices in qj that have a single incoming edge in 

£^, or, equivalently, that have a single outgoing edge in and we set 

£ n {l) = {e~ G £^ : t(e~) G q}«}, £+(1) = {^ef+: s(^) G <P«}. 

For an "K-graph £ + , £ ") such that q} \ q}^ ^ we denote for p 6 q} \ q}^ 

by *Pp the set of target vertices of the paths (including the empty path) in £^(1), 
that have p as source vertex (Symmetrically, q3 p can be defined as the set of source 
vertices of the paths (including the empty path) in £^(1), that have p as target 
vertex). {q} p : p G q* \ q^} is a partition of qj. We note that the set qj \ q^ 
is the set of roots of the subtrees (degenerate and non-degenerate) of the (possibly 
degenerate) directed graphs (q},£^(l)) and (qj, £^(1)), that are reversals of one 
another, and that are the union of their sub-trees (degenerate and non-degenerate). 

Theorem 3.2. Let Gn{ty, £~ , £ + ) be anlZ-graph, that satisfies conditions (I). (II) 
and (III) and let 

qj\q}«^0. 

Let A(q}, S, A) be an S-jiity, £~ ,£ + ) -presentation, let q, r be neutral periodic points 
o/X(q}, S, A), and let q, c e qj, and I(q),I(r) e Z be such that 

P(I(q).I(q)+-n(q)\ = lq, P(I(r),I(r)+n(r)] = If 

TTien it is q r if and only if q and r are m t/ie same element of the partition 

{qVpeqnqjW}. 

Proof. Assume that p w g. Let TV e N and 

(3.3) i M ,x M e4(I(X,A)), 

and let 

J_(g,r),/ + (g,r), J_(r,g),/+(r,g)GZ, 
J_(g,r) < I+(«,r), I_(r,«) < I+(r,g), 

be such that 

(<7,r) 

X (-oo,/_(<j,r)] _ 9(-oo,/(g)]! X (/ + ( 9 ,r),oo) — r (/(r),oo), 

(r.g) (>">9) _ 

X (-oo,/_(r,g)] — r (-oo,/(r)], X (/ + (r, 9 ) ,oc) — 9(J(g),oo) ■ 

By (3.3) 

( 3 - 4 ) ( a; (-2,7 + ( 9 ,r)]' r (/W^M+iV W (r)],a;S^( 9 ,r),cx,)) G X (^ X ), 

and 

( 3 - 5 ) ( x (- 9 i>,7 + (r, 9 )]'9(/(9),/( 9 )+Jv w ( 9 )]^Sr ( ) r;9);00) ) G Af(£,A). 

As a consequence of (3.3) there are also 

p(g,r)Gqj, J-{q,r), J+{q,r) G N, 
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and 

e t+(q,r)(^ r ) ef R> J+(Q,r) >j+{q,r) > 0, 

such that 

lq( II el(q,r))l p(q , r) ( J] e" (g r) (g, r))l t , 

^+(9,r)>j+(9,r)>0 0<j- (q,r)< J- (q,r) 

and there are also 

p(r,q)e¥, J-(r,q),J+(r,q)€N, 

and 

e U(r,q)^ r ) e 4. > 3+(r,q) > 0, 

V (r,q) («' r ) G < J" ( r > < (r, 

such that 

(3-7) A(^> r ., ))J+(r . 9)] ) = 

U( LI e+ (r,< Z ))l p( .,„( [] e i-(r,q) ( r ' ?)) 1 q- 

J+(r,g)>.j + (r,g)>0 0<j_ (r,g)< J_ (r,g) 

By (3.4), and in case that J+{q, r) > J+{r, q) 

lq( LI e+(g,r))l p( „.,( [] Vh.r)^*")) 1 * 

J+(<M-)>j+(g,r)>0 0<j_ (g,r)< J- (g,r) 

lr( II e+ + (r,q))l p ^ q} ( J] e7_ (r ,,)(r,g))l,= 

J+(r,9)>.7+(r,g)>0 0<j_(r, 9 )<J_(r,g) 

lq( II et (g,r))lp (( ,,r) 

J+(9,r-)>j+(g,r)>0 

( n e 7_ (9 ,r)(9^)) i P (-)( n V(,, 9) (^9))iq^o. 

0<j-(q,r)<J-(q,r)-J+(r,q) 0<j-(r,q)<J-(r,q) 

From this it follows by Condition (I) that 

(e^ + ( < 7: r ))j + (g,r)>j + (« ? ,r)>0 

is a path in from q to p( 9 ' r ), and 

{(e~)o<j-(q,r)<J-(q,r)-J+(r,q)), {e~)o<j-(r,q)<J-(r,q))) 

is a path in £~ (1) from p( 9,r ) to r that passes through p( r ^) and one sees that 
p(Q,r)^p(r,q) anc [ q arc m ^he same element of the partition {*}3 p : p G *P \ 
By the same argument for the case that J+{q 1 r) < J+{q, r), and by the symmetric 
argument that uses (3.7), one sees that in fact p(<?> r ) ; p( r .9) an d q and r are in the 
same element of the partition {*p p : p G <P \ *}3^}. 

For the proof of the converse let p G *P \ and let q,r G *P P . There is a 
path (e+ +(9) )j + (g)>j + ( 9 )>o in £ + (l) from q to p, a path (ej_(r)) <j_( r )<j_(r-) in 
£~(1) from p to r, a path (e^ , r \)j + ( r )>j+(r)>o m £ + (l) from r to p, and a path 
(ej_ (q))o<j-(r)<j-(q) hi from p to q. Choose a vertex V(p) G V(p) and choose 
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and choose a path b + (q) in the directed graph (V, E) from the target vertex of 
<Z(-oo, /(<?)] to V(p), such that 

Mb + ( q ))= n e iw 

•/+(<?) >j+(<?)>0 

and choose 

4-(r) eS t(r). 0<j_(r)< J_(r) 
and also a path 6~(r) from V(p) to the source vertex of q(i( r ),oo), such that 

A(6"(r))= J] e 7-( r )> 

0<j_(r)<J_ (r) 

choose 

< M ee+ (r) , J + ( g )>i + W>0 
and choose a path in the directed graph (V, E) from the target vertex of 

9(-oo,/( g )] to V(p), such that 

A(6 + (r)) = J] e U(rV 

J+(r)>j+(r)>0 

and choose 

e 7-(») GS 7-(*)' 0<j_(g)< J_(?) 
and also a path 6~(<7) from V(p) to the source vertex of q(i( q ). oo), such that 

A(6"(9))= II e 7-(«)> 

0<3-{q)<J-(q) 

Then 

(<?(-ooj( 9 )],& + (<7),^W,r (/(r);0c) ) G A(X(E,A)), 

V ( — oo,7(r)] 5 

6 + (r),6-( g ),g (7(9)i0o) ) G A(X(E,A)). □ 



We recall at this point the construction of the associated semigroup. For a 
property (A) subshift X C E z we denote by the set of points in X that 

are left asymptotic to a point in P(A(X)) and also right-asymptotic to a point in 
P(A(X)) . Let y,y G let y be left asymptotic to g e P(A(X)) and right 

asymptotic to r G and let y be left asymptotic to q G P(A(X)) and right 

asymptotic to f G P{A{X)). Given that X has the properties (a, n, H n ),n G N, we 
say that y and j/ are equivalent, y ~ y, if g ~ q and r w f , and if for n G N such 
that q, r,q,f G P(A n (X)) and for 7, J, 7, J G Z, 7 < J, 7 < J, such that 

J/(-oo,J] = <7(-oo,0]> y(J,oo) = ^(0,oo); 
£(-oo,J] = <?(-oo,0], 2/(J,oo) = r (0,oo), 

one has for h > 3H n and for 

a^(i-Mtk]i a e ^(/-/i.J+h]! 

such that 

a(I-H n ,J+H n ] = V(I-H n ,J+H n ], a(I-H n ,J+H n ] = y(I-H n ,J+H n ]> 

a(i-h,i-h+H n ) = a ( j_ h j_ h+Hn) , 

a(J+h-H n ,.J+h] = a (J+h-H n ,J+h]' 

and such that 

a (i-h,i] G A n (X)(j_ h)J ], G A„(X) ( j_ h j ] , 
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a (J,J+h] G A n (X)( JtJ+h }, a { jj +h] G A n (X)0 j +h y 

that a and a have the same context. To give [Y(X)}~ the structure of a semigroup, 
let u,v € Y(X), let tt be right asymptotic to q G P(A(X)) and let w be left 
asymptotic tore P(A(Xj). If here g > r, then [u]~[t>]~ is set equal to [y]~ where 
y is any point in Y such that there are n&N,I,J,I,J&Z,I<J,I<J, such that 
q, r e A„(A), and such that 

u (I,oo) = ?(/,oo), w (-oo,.7] = f(-oo,J], 
V(-oo.I+H n ] = u (-oo,I+H n ], V{J-H n ,oo) = v (J-H n ,oo), 

and 

2/(/,J] G ^™PO(I,i]> 

provided that such a point y exists. If such a point y does not exist, is set 

equal to zero. Also, in the case that one does not have q > r, [u]~[v]~ is set equal 
to zero. 

From an ft-graph Q n (qj, £+,£') such that \ qj K (l) ¥= 0, setting 

V = q3\qj w (i), £~ = £-\s^(i), £+=£+\£+(i), 

and 

^ = ^rjf-_\^(i))x(5-\^(i)), 

one obtains a 7^-graph £~ , £ + ) with source and target maps 

s : £~ U £+ -»• t : £" U £+ -)• 

given by 

«(e~)=p, rer,p6f,s(r)e?Pp, 

s(e + )=p, e+ Gf+,peq3,s(e f ) e«P P , 

t(e~)=p, r6r,pe|t(r)e<p,„ 

Theorem 3.3. Let 5tc(*P, &e an IZ-graph, such that 

i/iai satisfies conditions (I), (II) and (III), and let X S, A) 6e an 5^(*P, £",£+)- 
presentation. Then the semigroup Sj^(ty, £~, £ + ) is associated to X(ty, S, A), and 
E, A) /ias an 5^(Cp, £~ ,£ + ) -presentation. 

Proof. There is a homomorphism * of StcOP, £~, £ + ) onto ^(Cp, £ + ) that is 



;iven by setting 














*(V) 


= lp. 


P' 




pe<p, 






*(e") 


= lp. 


e~ 


G £~ 


, {s(e~),i(e~ 


-)K<p(p), 


pe<P, 


*(e+) 


= lp. 


e+ 


e£+ 


,Me + ),t(e- 1 


■)}cqj(p), 


pe§, 


*(e") 


= 


e~ 


G <T 


, eT G £~ 






*(e+) 


= e^, 


e+ 











An application of Theorem 2.3 and of Lemma 3.1 and Theorem 3.2 yields that there 
is an isomorphism ip of [Yx(e,a)]ps onto <S^r(q3, £ ~, £ + ) such that for a y G ix(E,A) 
that is left asymptotic to a periodic point g G A(A(S, A)) and right asymptptic to 
a periodic point r G A(A(S, A)), and such that more precisely, with I, J G Z,7 < J, 
such that 

U{-ooJ] = ?(-oo,/] 5 -M^/J+tt,]) = lq, 
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V(J,oo) - r (J,oo), H r [.LJ+7T q ]) — lr, 

one has 

MvU) = *(%[/„/)))• 

An ,%(q3,£-,£ + )-presentationof X(E,A) is given by X(<#, S, * o A). □ 

4. Examples I 

We introduce notation for relations. Given finite non-empty sets £~ and £~ and 
a relation ft G £~ x £+, we set 

TJ-(ft) = gcd {card([e-]^ (w _)) : e" G £"}, 

7J+(ft) - gcd {card([e + ]„ (w , +) ) : e+ G 5"}. 
We denote by /? A (£~,£ + ) the set of relations ft C £~ x £+ such that 

gcd{card([e"]^ (TC _)),card([e"]^ (TC _))} = D~(ft), 

e~,e~ G £~, [e"]^ (K _) ^ [e~]^ (K _), 

gcd{card([e+]^ +) ),card([e+]^ +) )} = 7J+(ft), 

e+,e+ e£ + ,[e + Un,+) + [e + ]~(^+), 
and by ,oO(£~, £ + ) the set of relations ft C £~ x £+ such that 

£"(ft) =5+ (71) =0, 

and we set 

p v (£-,£+) = {ft G p A (£-,£+) : IT (ft) = D+(K) = 1}, 

and 

pO^ (£-,£+) = pO(£-,£+)np A (£-,£+). 

Given disjoint finite sets £~ and £ + , subsets £~ c G £ + , and a relation 

ft G £~ x £+, we speak of a subrelation 7?. fl (£~ x £+) of ft, provided that 

|J n+(e-)c£+ |J fi R (e + )C^. 

We say that a relation is irreducible if it does not possess a proper subrelation. For 
a subrelation 

iz =izn(£- x£+) 

of the relation 1Z C £ ~ x £ + we define its complementary relation ft ft Q by 

ft ft Q = ft n {{£- \£-)x (£+ \ £+)). 

Given a finite index set X and disjoint finite sets £~ , £f , i G I, together with 
relations ft^ C £^ x £+ , i el, we say that the relation 

0^ = U^G(|J^)X(U^ + ) 

i£T i£T i£T iEZ 

is the Kronecker sum of the relations 1Zi,i G I. Every relation is the Kronecker 
sum of its irreducible subrelations, which are uniquely determined by it. 

For finite sets £~ , £ + and £~ , £ + and relations 1Z C £~ x £ + and TZ G £~ x £ + 
their Kronecker product 

TZ<E>TZc(£- x£-)x (£+ x £+) 

is given by 

TZ <Z>7Z= {((e-,e _ ),(e + ,e + )) : (e",e + ) Gft,(e",e + ) G ft}. 



18 



TOSHIHIRO HAMACHI AND WOLFGANG KRIEGER 



For finite sets £ , £ + and a relation 1Z C £ x £ + we define for n G N a relation 

1Z^ C (£-) z /» z x (f +)Z/« Z by setting 

TZ {n) = 

U fl {((er)iez /n z,(e+) ie z /n z) G (£-f /nZ x (f +) z /" z : (er, e + fe ) G ft}. 

fcGZ/nZ ieZ/nZ 

For finite sets £~, £ + and £~, £ + we say that a relation 7\L C £~ x £ + is isomor- 
phic to a relation TZ C £~ x £+ if there exist bijections 

such that 

ft = (V>~ x 

The isomorphism class of a relation 7?. determines the isomorphism class of the 
relation ft<™> , n G Z. 

Let S denote a system of representatives of the isomorphism classes irreducible 
relations on finite sets. We describe the isomorphism type of a relation ft C £~ x £ + 
by a vector (fi-R, ('R-))n eE, where jjL-n (TZ) is the multiplicity of the irreducible 
subrelations of 1Z that are isomorphic to ft . 

We note, that for the set of (isomorphism classes of) relations, the (class of the) 
empty relation acts as the zero element. 

For a subshift X denote its set of orbits of length n by O n (X),n G N. To a 

subshift X C S z there are invariantly attached the sets oh \x) of O G O n {X) 
such that for all O' G L) n ^O n (X) there is a point on X that is left asymptotic to 
O' and right asymptotic to 0,n G N. Invariantly attached sets On \X),n G N, 
are defined symmetrically. We set 

o-(x) = \ {ol\x) n oi+Hxj), 

0+(X) = 0W(JT) \ (0^(X) n O<+>p0), « G N, 

and 

0"(X) = |J 0~(X), + (X) = |J 

Forfc,Z G N we denote by 0^ l (X)(0^. l (X)) the set of 0~ G 0*7 (X) (0+ G Of{X)) 
such that X has a point that is left (right) asymptotic to 0~(0 + ) and right(left) 
asymptotic to a point in Oj~(X)( OZ(X)). One has the relations 

1l k ,i(X)c\Ok(X)xO+(X) 

where 0~ G O^(X) and (9 + G O^(X) are related if X has a point that is left 
asymptotic to 0~ and right asymptotic to + . (For ft n , n we write ft n .) 

One has for ^-presentations A) of ft-graphs the set 0~(X(£, ^S, A)) 

(C + (AT(I], S P, A))) coincides with the set of periodic orbits of X that have have 
negative (positive) multiplier precisely if there is no cycle in £^(£^). In this case 
therefore the set of neutral periodic orbits, and the set of orbits with positive 
multiplier, and, symmetrically, with negative multiplier, are invariantly attached 
to the iS-K-presentations X(E, A) (compare |HIK[ Section 4]). We denote the 
number of orbits of length n with a negative multiplier by I~ , and the number of 
neutral orbits of length nbyJjj,n6N. 

In the way of examples we look now at certain special types of ft-graphs with 
one, two or three vertices, that satisfy conditions (I), (II) and (III)- A one- vertex 
ft-graph Gn({p}, £~, £ + ) such that 

TZ(p,p)epO (£-,£+), 
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we denote by G[p], setting 

X(g[p})=X(£-U£ + ,{p},id £ - uE+ ). 

The relation 1Z(p,p) is isomorphic to the relation TZi(X(Q[p}) 7 and its isomor- 
phism class is therefore an invariant of the subshifts JT(£[p]). 
We note that 

(4.1) i;(x(G[p})) = ir(x(e[p]Wr(x(s\p])) i), 

(4.2) I° 2 (X(g{p}))=card(ll 1 (X(g{p})). 

The semigroup that is associated to the subshift X(C/[p]) is isomorphic to the 
7?.-graph semigroup of a one-vertex TvL-graph with a relation that is isomorphic to 
K(p,p). 

By Q[p, q] we denote an 7?.-graph Gn({p,q},£ , £ + ) such that 

£-(q,q)=0, 

and 

(4.3) £-(p,q)?Q, n(p,q)=£-(p,q)x£+(p,q), 
and such that 

and, in case that £~(p,p) ^ 0, 

(4.4.a) TZ(q,p)€p^(£-(q,p),£+(q,p)), 
and, in case that £~(p,p) = 0, 

(4.4.b) n(q,p)ep ^(£-(q,p),£+(q,p), 
setting 

X(g[p, q]) = X(£~ U £+, {p, q}, id £ - u£+ ). 

The relation TZ(p,p) is isomorphic to the relation TZ\(X(Q[p, q]), and its iso- 
morphism class is therefore an invariant of the sushifts X({?[p, q]). For an 1Z- 
graph G[p,q] denote by 0^(g[p,q])(0+(g[p,q})) the set of 0~ e 0^(X(Q[p,q])) 
(0 + G C>2 (X(g[p, q]))) that contain the points that carry a bi-infinite concatena- 
tion of a word in £ ~(p, q)£~(q,p) (£ + (q, p)£ + (p, q)), and consider the relation 

Q(<?[p, q]) = 1l 2 (X(g[p, q])) n (0 2 "(a[p, q]) x O+(0[p, q]). 

It is 

M7W(C7[p, q ])) e Q 2 (S[p, q])) - |M^i (*(S[P> q])) <2> ), 
which implies that the isomorphism class of the relation Q,2(g[p, q])) is an invariant 
of X(G[p, q]). By (4.3 ) and (4.4.a - b) 

Q 2 (a[p,q])) G p A (£-(<?[p,q]),£+(<?[p,q])), 
and therefore it follows that 

card(£-(p,q)) = #-(g 2 (<?[p,q])), card(£ +(p, q)) = D+(Q 2 (g[p, q])), 

and 

M^q.w; D-(e 2 (a[p,q]))r>+(e 2 (a[»»,q]))' 

and it is seen that card(£ ~ (p, q)) and card(£ +(p, q)) as well as the isomorphism 
class of the relation lZ(q, p) are invariants of the subshifts X(G[p, q]). 
We note that 

(4.5) l;(X(G[p,q])) > /r(X(S[p,q]))(/r(X(£[p,q])) - 1), 
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(4.6) I${X{Q[p, q])) = carder (X(<?[p, q]))) + 

card(Q(X(g[p,q]))) 



- + 



D-(Q 2 (X(g[p, q ])))D+(Q 2 (X(g[p, q }))) 

D-(Q(X(g[p, q })))D+(Q 2 (X(g[p, q }))), 

(4.7) Q(X(g[p,q}))ep A (0^(g[p,q}),0+(QiP^}))- 

The semigroup that is associated to the subshift X(g[p, q]) is isomorphic to the 
7£-graph semigroup of a one- vertex 7?.-graph with a relation that is isomorphic to 
£(p,p)e£(q,p). 

By g+[p, q, r] we denote an 7£-graph (^({p, q, r}, £~,£ + ) such that 

£-(q,q) = 0, f-(t,t) = 0, f"(p,t) = 0, £"(t,q)=0, 

and 

(4.8) f-(p,q)^0, ^(p,q)=f-(p,q) x£+(p,q), 

(4.9) 5-(q,t)^0, ft(q,t)=£-(q,t)x£+(q,t), 
and 

(4.10) fc(q,p) epV(£-( q ,p),£+(q,p)), 

(4.11) ft(t,p) ep^(£-(r,p),£+(r,p)), 
setting 

X(g+[p, q, t]) = X(f" U £+ {p, q, t}, id £ - u£+ ). 

The relation 7£(p, p) is isomorphic to the relation 1Z\ (X(g[p, q, r]), and therefore 
its isomorphism class is an invariant of the subshifts X(g + [p, q,x\). For an 7?.-graph 
g+ [p , q , r] denote by 2 (5+ [p , q , r] ) (0+ (0+ [p , q , t] ) ) the set of 0~ G C? 2 " (X (5+ [p , q , t]) ) 
(0 + G 0^ (X((? + [p, q, r]))) that contain the points that carry a bi-infmite concate- 
nation of a word in £~(p, q)£~(q,p) (£ + (q, p)£ + (p, q)), and consider the relation 

Q2(a + [p,q,r])=^ 2 (X(0 + [p,q,t]))n(O 2 -(a+[p,q,t])xO+(g + [p,q,t]). 

It is 

/1 (K 2 (I(g + [ M , t ]))0S 2 (g + [ M ,r]) = i /1 (K 1 (I(g + h,r])) (21 ), 

which implies that the isomorphism class of the relation Q 2 (g+[p, q, t])) is an in- 
variant of the subshifts X(G[p,q]). By (4.8) and (4.10) 

Q 2 (g+[p, q, t])) e P A (£-(g[p, q}),£+(g+[P, q,t])). 
and it follows therefore that 

card(£-(p,q)) = D-(Q 2 (a+[p,q,t])), card(£ +(p, q)) = D+(Q 2 (g+[p, q, t])), 
and 

„ f7? , = MQ2(g+[p,q,t]) 

Ml iq,p;j £,-(Q 2 (g + [p )q , r ])) J D + (Q 2 (^ + [p, q , t ]))' 

and it is seen that card(£~(p, q)) and card(£~(p, q)) as well as the isomorphism 
class of TZ(q,p) are invariants of the subshifts X(G + [p, q, t]). 

For an 7?.-graph <? + [p,q,t] denote also by 0^(g + [p,q,t])(0^(g[p,q,t])) the set 
of 0~ € Og (X(^+[p,q,t])) (0+ G 0|(X(g + [p,q,c]))) that contain the points 
that carry a bi-infmite concatenation of a word in £ ~(p, q)£~ (q, x)£ ~(t, p)(£ + (r, p) 
£ + (q, t)£ + (p, q)), and consider the relation 

Q 3 (g + [p,q,t}) =1l 3 (X(g + [p,q,x}))n(0^(g[p,q,t}) x 0+(g + [p,q,x}). 
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It is 

ti(n 3 (x(g + [p,q,t}))eQ 3 (g + [p,q,t])) = 

± M ((^i(*(S[P,q,t])) <3> )+ 

card(£-(p, q))card(£+(p, q)) ^{X {g +[p , q, t]))+ 
MQ2(a+[p,q,r])®^ 1 (X(a+[p,q,t]))), 

which implies that the isomorphism class of the relation Q 3 (g + [p, q, r])) is an in- 
variant of the subshifts X(g[p, q,r]). By (4.9) and (4.11) 

Q 3 (a + [p,q,r]))Gp A (f-(g[p,q]),f + (g + [p,q,r])). 

and it follows therefore that 

card(£-(p,q))card(£-(q,t)) = Zr(g 3 (e + [p,q,t])), 

card(£+(p,q))card(£+(q,r)) = D+(Q 3 (£+[p, q, t])), 

and 

M^(q,P))- MC3(C + [P,q,t]) 



£)-(Q3(a + [p,q,t]))D+(Q3(a + [p,q,t]))' 
and it is seen that card(£ ~(q, r)) and card(£ ~ (q, r)) as well as the isomorphism 
class of lZ(q, p) are invariants of the subshifts X(G + [p, q, c]). 
We note that 

(4.12) / 2 -(X(g + [p,q,t]))>7r(X(a + [p,q,t]))(/r(X(g + [p,q,t]))-l), 



(4.13) I°(X(g + [p,q,v})) > card(^ 1 (X(^+[p,q,t])))+ 

card(Q 2 (X(g[p,q,r]))) 

D-(Q 2 (X(g + [p,q,t])))D+(Q 2 (X(g + [p,q,x]))) 

D-(Q 2 (X(g + [p,q,x})))D+(Q 2 (X(g + [p,c [ ,t}))), 

(4.14) Q 2 (X(g + [p,q,x}))) ep A (0 2 -(e + [p,q,r])),0+((? + [p,q,r])). 

The semigroup that is associated to the subshift X(g + [p, q,r]) is isomorphic to 
the 7\L-graph semigroup of a one- vertex 7?.-graph with a relation that is isomorphic 
to TZ(p,p) ®ft(q,p) ®H(x,p). 

By ^o[p7 t] w e denote an 7^-graph g-ji({p, q, t}, £ ~, £ + ) such that 

f-(q,q) = 0, £-(t,t)=0, f"(p,t) = 0, £-(t,q) = 0, f"(q,p) = 0, 

and 

(4.15) £"(p,q)^0, %q)=r(p,q)xf+(p,q), 

(4.16) £"(q,t)^0, ft(q,t)=£-(q,t)x£+(q,t), 
and 

and such that, in case that £~(p,p) = 0, 

(4.17.a) ft(t,p) G (£-(x,p),£+(x,p), 

and in case that £~(p,p) ^ 0, 

(4.17.b) ft(t,p) epV(£-(x,p),£+(q,p)), 

setting 

X(C7 [p,q,r]) =X(f- Uf+,{p,q,r},id £ - u£+ ). 
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Proposition 4.1. Let there be given IZ-graphs 

So[p,q,t] = Qn({p,q,t}, £',£+) 

and 

e?o[p,q,?])) = %({p,q, t}, £",£+)• 
For i/ie subshifts X(Qo[p,q,v}))) and X(Qo\p,q,v\))) to be topologically conjugate, 
it is necessary and sufficient that the relations TZ(p,p) and 1Z(p,p) are isomorphic, 
that the relations 1Z(x,p) and 1Z(z,p) are isomorphic, and that 

(4.18) card(£ ~(p, q))card(£ ~(q, t)) = card(£~(p, q))card(£~(q, t)), 

(4.19) card(£ + (q,r))card(£ + (p,q)) = card(f+(q, r))card(£ r+ (p, q)), 

(4.20) card(£"(p, q))card(£ +(p, q)) = card(£~ (p, q))card(£ + (p, q)). 
Proof. Note that in the statement of the proposition (4.19) can be replaced by 

(4.21) card(£-(q,t))card(£+(q,t)) = card(f-(q,?))card(f r+ (q,?)). 
Set 

X=X(g [p,q,x}). 

The relation 7£(p,p) is isomorphic to the relation IZi(X) and therefore its iso- 
morphism class is an invariant of the subshift X. 
Also set 

A vq = card(£"(p,q)), A~ t = card(£"(q,t)), 
A+ x = card(£+(q,t)), A+ q = card(£+(p, q)), 

We divide the proof of necessity into two cases. We consider first the case that X 

has fixed points. 

The set 0^ 1 (X) contains precisely the orbits in O 6 O^(X) whose points carry 
a bi-infinite concatenation of a word in £~(p,p)£~(p, q)£ + (p, q). It is 

card(0 3 - 1 (X)) - card(£-(p,p))A- q A+ q) 

and it follows that Ap q Ap q is an invariant of the subshift X . 

For the 7?.-graph £ [p, q,*] denote by £> 3 (Q [p, q, *])(0£ (Go[p, q, t])) the set of 
0~ e O^(X) (0 + E O^(Xj) that contain the points that carry a bi- infinite 
concatenation of a word in £~(p, q)£~ (q, x)£~ (r, p) (£ + (r, p)£ + (q, r)£ + (p, q)), and 
consider the relation 

g 3 (So[p,q,t) = ft 3 (X)n(03(eo[p,q,t]) x O£(0o[M,t])). 

It is 

MOM*) G Q 3 (S+0[p,q,t])) = i M (^iW <3> ) +A- q A+ qf ,(TZ 1 (X)), 

and it follows that the isomorphism class of the relation <2 3 (£o[p, q, t])) is an invari- 
ant of the subshift X. By (4.15 - 16) and (17.a) 

Q 3 (£o[p, q, t])) 6 p A (O^(g [p, q, t]), O+iGolp, q, t])). 

and it follows therefore that 

A- q A- r = D-(g 3 (£o[p,q,t])), A+ r A+ q = J D+(Q 3 (e? [p,q,r])), 

and it is seen that Ap q A~ t and j4+ r Ap iq are invariants of the subshift X. Also 

llrt? , r \\\\ M(Q3(go[p,q,t])) 
M( ( ,P)) = A' A- A+ A + ' 

and it is seen that the isomorphism class of the relation 1Z(t,p) is an invariant of 
X. 
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Consider the case that X has no fixed points. In this case by (4.16) and (4.17.b) 
and 

A- q A- t = D-(Ks(X)), A+ v A+ q = D+(K 3 (X)), 

and 

M( ( ' P)) = A- A- A+ A+ ' 

and it is seen that A^ A A~ X and A+ rJ 4p~ >q as well as the isomorphism class of the 
relation 7£(t, p)) are invariants of the subshift X, It is 

A~ q A+ q + A+ >t A- tt = I° 2 (X) - card(ft(t,p)), 

which implies that Ap^ q Ap tq + A+A~, is an invariant of X . Also 

-^PO = |{^P,q^,q(^P,q^p f ,q - l)(^p,q^p,q - 2)} + A pq A+ q (A pqJ 4+ q - 1) + 
3~{^q,t ^Jr(^q : t^tr - iXAj.r-^t - 2)} + A qx A+ t (A qt A+ t - 1) + 
^p.qAi.tA^t^V.q^p.q^p.q + ^([,t^q : t) + 

§caxd(ft(t,p))(card(ft(t,p)) - l)(card(ft(t, p)) - 2) + 
card(ft(t,p)) 2 (Ap, q ^p, q + A+ t A- jt ) + 2 card(ft(r, p))A- q A~ t A+ t A+ q + 
card(^(t,p))A p - q A+ q , 

and it follows from the invariance of Ap q A qv , A+ t Ap q and of Ap q Ap q + A+ t A~ t 
that also j4 Piq A Piq is an invariant of the subshift X. This proves necessity. 
To prove sufficiency it is enough to consider the case that 

p = P, q = q > t = t, 

and that 

£-(p,p) = £ r -(p,p), £+(p,p) = £+(p,p), ft(p,p) = ft(p,p). 

5-(q,t) = 5-(q,t), £+(q,t) = £ + (q,v), H(q,x) = £(q,t). 
By (4.18 - 21) we can choose bijections 

r?t, q ,t : £ + (q,t)£~(q,t) -> £ + (q,t)£ _ (q,t), 

??r,q,p : £ + (q,t)£+(p,q) -> £+(q, t)£+(p, q), 

77p,q, P : £~(p, q)£ + (P, q) -> £~(p, q)£ + (p, q), 

j?p, q ,t : £~(p,q)£~(q,t) ->• £~(P,q)£~(q,t)- 

A topological conjugacy of A(£/o[p, q, ?)]) ° n t° -^(^o[p, q 5 1]) is given by the map- 
ping that replaces in the points of A(£o[p,q]) a word in £ + (q, t)£~ (q, r) by its 
image under 7?t, q ,t, a word in £ + (q, x)£ + (p, q) by its image under f?t,q,pi & word in 
£~(p, q)£ + (p, q) by its image under f?p, q ,p, and a word in £~(p, q)£~(q, r) by its 
image under r?p, q , t . □ 

We note that 

(4.22) / 2 -(X(go[p,q,t]))=/r(X(go[p,q,t]))(/r(X(g [p,q,t]))-l), 

(4.23) 7 2 (A(e [p,q,r])) >card(^ 1 (A(a [p,q,r]))). 

The semigroup that is associated to the subshift X(£o[p> q> *]) is isomorphic to 
the 7^-graph semigroup of a one-vertex 7?.-graph with a relation that is isomorphic 
to ft(p,p)eft(t,p). 
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By C/ + [p, q , qi] we denote an 7^-graph Qn{{p, qo, £ such that 

£-(qo,qi) = 0, 5-(qi,q o )=0 

and 

(4.24) H{p,q )=S-(p,q Q ) x£+(p,q ), H(p, qi) = £~(p, qi) x £+(p, qi ), 

(4.25) 7e(q ,p) G /9 v (f-(q ,p),£ + (qo,p)), ft(qi,p) £ p v (£-(qi,p),£ + (qi,p)), 
such that 

£-(p,q o )^0, £-(p,qi))^0, 

and such that the pair 

(card(£ _ (p, q )), card(£~(p, qi))) 
is lexicographically larger than the pair 

(card(£ + (p, q )), card(£+(p, qi))), 

setting 

X(G+\p,qo,qi]) =X(£~ U £+, {p, q , qi}, id £ - u£+ ). 
The relation 1Z\(X(Q + [p, qo, qi])) is isomorphic to the relation lZ(p, p), and there- 
fore its isomorphism class is an invariant of the subshifts X(Q + [p, q , qi]). For an 
ft-graph </+[*>, qo,qi] denote by 0^(0+ [p, q , qi]) (O^Q+lp, q , qi]))) the set of 
0~ 6 O2 (X(Q+[p, qo, qi])) that contain the points that carry a bi-infinite concate- 
nation of a word in £~(p, qo) £~(qo,p) (£~(p, qi)£~ (qi, p)), and set 

Q( 0) (a + [p,qo, qi ])) = 

^ 2 (X(<?+[p, q , qi])) n (O w (G+[p, q , qi])) x O+^G+lp, q , qi]))), 

Q( 1) (g + [p,q ,qi])) = 

1l 2 (X(g + [p, q , qi])) n (0^(g+[p, q , qi])) x 0+ 1} (a + [p, qo, qi]))), 

and 

Q 2 (e+[p, qo, qi])) = Q 2 0) (5 + [p, qo, qi])) U Q^iQ+iP, qo, qi])). 

It is 

fi(n 2 (X(g+[ip, q , qi]) G Q 2 (e+[p, q , qi]))) = ^CM*(S+[P, q , qi])) <2> ), 

which implies that the isomorphism class of Q 2 (<?+[p, qo, qi])) is an invariant of 
X(g + [p, q , qi])). Also observe that by (4.25) the sets 

( o)(0+[p, ^, qi]), q , qi]), 

and 

O w (g+[p, q , qi]), O+^G+ip, q , qi]), 
are uniquely determined as the sets 0(q)' ^(o)> an< ^ ^(i)' ^(i)' sucn that 
( " o) U = O- 0) {g+[p, q , qi]) U O a) (g+[p, q , qi]), 
O+ 0) U 0+ = 0+ o) (<?+[p, q , qi]) U 0+^g+Ip, q , qi]), 

and 

(°(o) >< ^o)) n Q(^+[P,qo,qi])) 6 p A (0 ( - o) ,O+ o) ), 

x 0+1)) n Q{Q+[P, qo, qi])) G P A (Ol 1) ,0+ ) ), 

and it follows that also the isomorphism classes of the relation Q 2 °^(<?+[p, qo, qi])) 
and of the relation Q^(g+[p, qo, qi])) are invariants of X(Q + [p, q , qi]))- By (4.24) 

card(£- (p, q )) - D~ (Q 2 0) (5+ [p, q , qi]))), 



and 
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card(f+(p,q ))=^ + (Q< 0) (g + [p,qo,qi]))), 
card(£- (p, qi )) = D~ (Q™ (G+ [p, q , qi]))), 
card(f+(p,q 1 ))=^+(Q( 1) (e+[p,qo,qi]))), 

^(Q^ 0) (e+[p,qo,qi]))) 



MWqo,p)) 



D-(Q^(g + [p,q , qi })))D+(Q^(g + [p, qo , qi }))y 

MQ^^+lP-qo.qi]))) 



^-(Q^(e+[p,qo,qi])))^+(Q 2 1J (e + [p,qo,qi]))) 
and therefore also the isomorphism classes of the relations 7^(q ,p) and 7£(qi,p) 
are invariants of X(Q + [p, q , qi]))- 
We note that 

(4.27) J 2 -(X(a+[p,qo,qi]))>/rWa + [p,qo,qi]))(/rWa+[p,qo,qi])-l), 

(4.28) Q 2 (*(<? + [p, qo, qi]))) g p A (<^(0+[P> q , qi])), 0+(G + [p, q , qi])). 

The semigroup that is associated to the subshift X(Q + [p, qo, qi]) is isomorphic to 
the TC-graph semigroup of a one- vertex 7?.-graph with a relation that is isomorphic 
to 7£(p,p)e7?(q ,p)e7?(qi,p). 

By £o[p,qo,qi] we denote anagraph Qn({p, qo, qi}, £ ~, £ + ) such that 

£~(qo,qi) = 0, £~(qi,q o ) = 0, 

and 

£-(p,q o )^0, £-(p,qi)^0, 

(4.29) TC(p,qo)=f-(p,qo)x£+(p,q ), TZ(p, qi ) = £~(p, qi) x £+(p, qi ), 

(4.30) ft(q ,p) G p v (£-(q ,p),£ + (qo,p)), ^(qi,p) 6 p v (£-(qi,p),£: + (qi,p)), 
and such that 

card(£~(p,q )) = card(£~(p, qi)), card(£ +(p, q )) = card(£+(p, qi)), 
setting 

X(C7 ({p,qo,qi}) = X{£~ U £+, {p, q , qi}, id £ - u£+ ). 
Proposition 4.2. Lef there be given IZ-graphs 

5o[p,qo,qi] = ^({p,qo,qi},£~,£ + ) 

and 

<?o[p,qo,qi] = ^({p,qo,qi},£",£ + ). 

for £/ie subshifts X(Qo\p, qo, qi]) and X(t? [p, qo, q"i]) ^° & e topologically conjugate 
it is necessary and sufficient that the relation 7£(p,p) is isomorphic to the relation 
1Z(p,p) and that 

M^(qo,p)) + M^(qi,P)) = M(^(qo,P)) + M^Gi. p))- 

Proof. We prove necessity. We denote the common value of card(£~(p, qo)) and 
card(£~(p,qi)) (card(£ +(p, q )) and card(£ +(p, qi))) by A~ (A+ ). The relation 
TZi(X(Q [p, qo, qi])) is isomorphic to the relation 7?.(p,p), and therefore its iso- 
morphism class is an invariant of the subshifts X(C?+[p, qo, qi])- For an 7?.-graph 
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So[p,qo,qi] denote by (O^) the set of 0~ € 0^"(X(^+[p, q , qi])) that con- 
tain the points that carry a bi-inhnite concatenation of a word in £~ (p, q )£ ~ (qo, p) 
(£-(p,qi)£ _ (qi,p)), and set 

Q2(£o[p,qo,qi])) = 

(ft 2 (X(S [p,qo,qi])) n (O ( " 0) x O+ 0) ) U (1Z 2 (X(g [p, q , qi])) D x 
It is 

M^W&fe, qo, qi]) 6 Q 2 (So[p, qo, qi]))) - §/i(fti(*(0o[p, q , qi])) <2> ), 

which implies that the isomorphism class of Q 2 (£o[p, qo, qi]) is an invariant of the 
subshifts X(g+[p, q , qi]). By (4.29 - 30) 

Q 2 (So[p,qo,qi])) G p A (O ( - 0) UO w ,0+ UO+), 

and therefore 

A" =D-(e 2 (0o[Mo,qi])), A+ = J D+(Q 2 (g [p,qo,qi])), 

and 

„rt?f„ hMi-p^ ^ Mg2(go[p 1 qo 1 qi]) 
Wlo.P) U7e(qi,p)) = A _ A+ , 

and it is seen that the isomorphism class of the relation 7£(qo,p) © 7£(qo,p) is an 
invariant of the subshifts X(g + [p, q , qi]). 

For the proof of sufficiency choose any R°eH such that 

A^°(ft(qo,p)) + MTC=CK(qi,p)) > 0. 

Without loss of generality one can assume that /jro (1Z(qo, p)) > 0. Let £~ C 
£~(q ,p)),£+ C £ + (q ,p)) be such that 7\L(q ,p) fl (£~ x £+) is isomorphic to 7?.°. 

We prove that the subshift A"(£ [p, qo, qi]) is topologically conjugate to a subshift 
^(£o[p,qo,qi])> where 

5o[p,qo,qi] = %({p,q ,qi},£~,£ + ) 
is an 7?.-graph such that 7£(qo,p) is isomorphic to 7?.°, and such that 
M7J°(^(qi,p)) = MR°(ft(qo,p)) + Mw S (ft(qi,p)) - 1, 

and 

M Ko (^(qi,p))=^ (7e(qo,p))+MK (^(qi,p)), ^ 
It is possible to set 

f-(q ,J») = C f-(qi,p) = £-(qi,p)U(£-(q ,p)\C), 

£+(q ,p) = £+ f + (q 1 ,p)-f+(q 1 ,p)U(f+(q ,p)\f o + ), 

and 

£(q l5 p) = ft(q ,p) n ((£"(q ,p) \£ D ") x (£ +(q , p) \ £+)) © ft(q 1; p). 
We choose bijections 

V" :£-(p,qo)->£-(Mi), ^ + :f + (p,qo) ^£ + (p,qi). 

A topological conjugacy of X(C?o[p, qo, qi]) onto X(C?o[p, qo, qi]) is given by the map- 
ping that replaces in the points of X(£? [p, qo, qi]) every symbol e~ G £ ~ (p, qo) that 
is followed by a symbol in £ ~(q ,p) by ij)~(e~), and every symbol e + G £ + (p, qo) 
that is preceded by a symbol in £+(q ,p) by tp + (e + ). □ 
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We note that 

(4.31) J 2 -(X(S [P, qo, qi])) > A~(*(So[p, qo, m]W{ (X(G a [p, q 0) qi]])) - 1), 

(4.32) / 2 (X(g [p,qo,qi]))=card(^ 1 (X(g [p,qo,qi])))+ 

card(Q(X(g [p,q , qi ]))) 

r>-(Q 2 (X(e [p, qo, qi])))£>+(Q 2 (X(a [p, qo, qi]))) 

2D-(Q(X(g Q [p, q , q 1 ])))£> + (Q 2 (X(^o[p, qo, qi]))), 

(4.33) fi2(£o[Mo,qi])) ep A (^(eo[p,qo,qi]),0 2 + (ao[p,qo,qi])- 

The semigroup that is associated to the subshift X(Q [p 7 q , qi]) can be described 
just like the semigroup that is associated to the subshift X(Q+[p, qo, qi]), as the 1Z- 
graph semigroup of a one-vertex 7£-graph with a relation that is isomorphic to 
%,p)eft(q ,p)eft(qi,p). 

Denote by £+ + ^[p, q,t]((?^[p, q,t]) an 7?.-graph of type g + [p,q,x}) such that 

£-(p,p) + <D(£-(p,p) = 0), and denote by ^ +) [p,q ,qi] (5§[p,qo,qi]) anagraph 
of type C/ [p,qo,qi] such that £~(p,p) ^ (£~(p,p) = 0). We note that 

(4.34) card(0 3 ,i(^(^+ +) [P ) q,t]))=card(5-(p,q))card(5+(p,q)), 

(4.35) card(0 3 , 1 (X(^ +) [p, q , qi])) - 2 card(£-(p, q ))card(£+(p, q )), 

(4.36) / 3 -(X(^[p,q,t]))>0, 
(4-37) / 3 -(X(ao [p,qo,qi]))=0, 

(4.38) 7 3 -(X(^ +) [p,q,r]))> 

(7 2 -(X(^ +) [p,q,r])) - (/r(X(^ +) [p,q, r ]) - l) 2 )/f (X(g[ +) [p, q, t]))+ 
card(£ - (p, q))card(£+(p, q))I^ (X (g { + +) [p, q, r]))+ 
i/r(X(^ +) [p,q,t]))(/r(X(^ +) [p,q,t]))-l)(7r(X(ai +) [p,q,t]))-2), 

(4.39) / 3 -(X(£+[p,qo,qi])) > 

(l;(X(g+[p, q , qi])) - (Ii(X(g+[p, q , qi]) - l) 2 )I^(X(g+[p, q , qi]))+ 
2 card(£-(p, q))card(£+(p, q))/f(X(C7+[p, q , qi ]))+ 

lli(X(g+[p, q , qi ]))(/r(^(a + [p, qo, qi])) - Wi (X(g+[p, q , qi])) - 2). 

Taking into account, that the isomorphism class of the relation Q 2 is determined 
by the isomorphism class of the relations TZi and 7£ 2 by 

M(Q 2 )=M(^2)-±M(^i 2> ), 

it is seen from (4.1 - 2), (4.5 - 7), (4.12 - 14), (4.22 - 23), (4.27 - 28), and (4.31 - 39) 
that the invariants if ,1^ ,1^ ,1$, an d card((9 3i i) distinguish between the subshifts 
of the various types of 7?.-graphs g[p], Q[p,q] and g + {p,q,x],g [p,q,t] and also 
£? + [p, qo, qi], <?o[p, qo, qi]- Also observe, that the family of 7?.-graphs with up to 
three vertices, that we have considered, appears naturally as a sub-family of a fam- 
ily 7?.-graphs, that are unions of 1Z graphs that have a ladder structure with gaps, 
and that have a common base point. 
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5. Examples II 

We describe now the strongly connected directed graphs with three vertices, with 
one of the vertices having a single incoming edge, that have Markov-Dyck shifts 
with an associated semigroup, that is the inverse semigroup of a strongly connected 
directed graph with two vertices, the vertex set of this two-vertex graph to be 

denoted by {a, /?}, its edge set by T and its adjacency matrix by T — ^ ^ ^ , 

such that 

+ Tfj a > 1, T a fj + Tfjp > 1, 

where we can assume that T is normalized such that T aa > Tpp or T aa = Tpp, T a p > 
Tj3 a - We will specify the directed graphs by their adjacency matrices A, denoting 
the graph by Q(A), and its Markov-Dyck shift by MD(Q(A)). The graphs come in 
two sets. A first set contains the graphs with vertices p a (o)>Pa(i)> and P/3, and with 
an adjacency matrix A^(T, A^ a \A a ) that is given by 

/A^(p a{Q) ,p a{0) ) A( Q )(p a(0) , Pct(1) ) A^(p a(0) ,p p )\ 
(5.1) U(«)(p a(1) ,p a(0) ) A«)(p a(1) ,p a(1) ) A^(p a{1) ,p p ) = 
V A^(pp,p a{0) ) ^ (a) (P/3,p a( i)) AW^.p^) / 
/T> _ A( a ) 1 A 
AW T Q(3 -A C 
7/3 Q T@p 

< A< Q ) < T aa , < A Q < T a/J) A< a > + T aP - A a > 0. 

The second set contains the graphs with vertices p^(o), P/3(i), and p a , and with an 
adjacency matrix 

AW(T, A(«,Arf), < A<« < T^, < A^ < T a/3 , A<« + 7> a - A^ > 0, 

that is obtained from (5.1) by interchanging alpha with beta. By Theorem (2.3) 
MD(G(A^ (T, A^ a \ A a ))) and MD(g(A^{T, A(«, A^))) have Property (A) and 
their associated semigroup is by Theorem (3.3) the inverse semigroup of the directed 
graph with adjacency matrix T. 
One has 

(cd) lr(MD(a(i4<°0(T, A^, A a ))) = T aa + T w - A^ , 

(/31) /-(ik»(g(A(«(T, A<« A^))) - + T aa - A<« 

(a2) / 2 -(M£(a(A(«)(T,A( Q \A Q ))) = 

T aa (T aa - 1) + T^(T^ - 1) + A( Q ) + A a Tp a , 

((32) I^(MD(g(AW(T,AW,Ap))) = 

TppiTpp - 1) + T aa (T aa - 1) + A<« + T a pAp. 

It follows from (al) that for 

0< A^,A^ <T Qa ,0< A Q ,A Q <T a0 ,A^ + A^, 

the subshifts MD(0(^( a ) (T, A( a \ A Q )) and ML>(5(^( Q ) (T, A^ Q \ A a )) are not topo- 
logically conjugate, and it follows from (a2) that for 

< A< Q > < T aa , < A Q) A a < T a p , A a ^ A a , 



A CONSTRUCTION OF SUBSHIFTS AND A CLASS OF SEMIGROUPS 



2!) 



the subshifts MD(g(A^ (T, A {a \A a )) and MD(g(A^(T, A^ a \A a )) are not topo- 
logically conjugate. The symmetric argument that uses (/31) and {(32), gives the 
same result. 

Denote for k G N by 17 (a) (17 (/?)) the number of orbits of length k with negative 
multiplier in {/ G T : s(f) = *(/) - «}({/ G J 7 : «(/) - f(/) - /?}). One has 



(laa) I7(a)(MD(g(A^(T,A^ a \A a ))) = T aa - M a \ 

(la/3) l7(a)(MD(g(A^(T,A^,Ap))) = T aa , 

(10a) I7(f3)(MD(g(A^(T,A^\A a ))) = T m 

(1/3/3) ir(l3)(MD(g(AW(T,AW,A )))=T p-AW, 



(3aa) ^-(a)(AfD(e(^ (a) (T,0,A a )))=T aa (T aa + l + A a ), 

(3a/3) / 3 -(a)(MD(5(4 W (T,0,A^)) = T aa (T aa + T a/3 ) , 

(30a) J 3 -(i3)(Mfl(g(4W(r,0,A Q ))) = T^T^ + 1> Q ), 

(3/3/3) 7 3 -(^(MD(g(AW(T,0, A^))) = T W (T W + 1 + A^), 



(5aa) l7(a)(MD(g(A^(T,0,A a ))) = 

T aa ((T aa + 1 + A Q ) 2 + T aa (T a a + 1 + A a ) + T Q(3 - A Q + A a (Tpp + T^)) , 

(5a/3) J 5 -(a)(MD(S(AW(T,0,A^))) = 

T aa ((T aa + T a f)) 2 + T aa (T a a + T a p) + T a p(Tpp + A[j)) , 

(5/3a) I7([3)(MD(g(A^(T,0,A a ))) = 

Tpp ((Tpp + Tp a ) 2 + Tpp(Tpp + Tf3a) + T/3a(T a a + A Q )) , 

(5/3/3) I^(P)(MD(g(A^(T,0,A p ))) = 

Tpn ((Tpf, + 1 + A p ) 2 + TpfsFpf, + 1 + A ) + Tp a - A? + A (T aa + T aP )) . 

In the case that T aa = Tpp,T a p = Tp a , and A (a ^> = A^t , A a = Ap, the graphs 
g(A^(T, AW, A q ))) and g(A^(T,A^\A p )) are isomorphic, and therefore the 
subshifts MD(g(A^(T, A (a \ A a ) and MD(g(A^(T, A^\ A ) are topological^ 
conjugate. 

In the case that T aa > Tpp or T aa = Tpp,T a i3 > Tp a , an automorphism of 
the graph with adjacency matrix T leaves the vertices a and /3 fixed and therefore 
permutes the sets {/ G T : s(e) = t(e) — a} and {/ G J- : s(e) — t(e) — /3}. It 
follows then for this case from |Kr3[ Corollary 3.2] and |HIK[ Proposition 4.2] that 
17 (a), 17 (/3), k G N, are invariants. Therefore by (laa) and (la/3) no subshift 

MD(g(A^(T,A^\A a ))), 0<A^<Taa,0<Aa<T a p, 
is topologically conjugate to any of the subshifts 

MD(g(A^(T,A^\A p ))) 1 < A(« < Tpp, < A < Tp a ,A^+Tp a -Ap > 0, 
and by (1/3/3) and (l/3a) no subshift 

MD(g(A^(T,A^,Ap))), < A^ < T pp ,0 < Ap < T 0a , 
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is topologically conjugate to any of the subshifts 

MD(g(A^(T,A (a \A a ))), 0<A^<T aa ,0<A a <T a p,A^+T a p-A a >0. 

We prove that under the hypothesis that T aa > Tpp or T aa = Tpp,T a p > Tp a , 
no subshift 

MD(g(A^(T,0,A a ))) 
is topologically conjugate to a subshift 

MD(g(A^\T,0,A p ))). 

Assume the contrary. Then it follows from (laa) and (1/3/3) (or from (la/3) and 
(l/3a)) and (a2) and (/32) that 

(5.2) A a Tp a = T a pAp. 

In the the case that 

Tpp = 0. 

one has by (5/3a) and (5/3/3) that 

(T aa - l)(Tp a - Ap) = 0. 

= Ap is impossible, and for the case that T aa = 1 one has from (3aa) and 
(3a/3) that 

1 + A a = T a p, 

and then from (15.2 that T a p — A a , which is also impossible. 
In the the case that 

Tpp > 0. 

It follows from (3aa) and (3a/3), and from (3aa) and (3a/3), that 

l + A a =T aP , l + Ap=Tp a . 
Fom this one has by (5.2) that 

A a = Ap, T a p — Tp a , 
and from this one has by (5aa) and (5a/3) (or by (5/3/3) and (5/3a)), that 

T aa = Tpp, 

which contradicts the hypothesis. 

Consider now also the matrix T as the adjacency matrix of a directed graph Q{T) 
with its Markov-Dyck shift MD(Q(T)). The subshift MD{Q(T)) has Property (A) 
and its associated semigroup is the inverse semigroup of Q(T). One has 

I%(G(T)) = T aa + T a p + Tp a + Tpp, 

and 

I°{MD{g{A {a \T, A {a \Aa) = I^{MD{g {!3 \T,A {!i \Ap) = 

+ T a p + Tp a + Tpp + 1. 

It follows that the subshift MD{Q{T)) is not topologically conjugate to any of the 
subshifts MD(g^(T, A^ a \ A a ), nor to any of the subshifts MD(gW(T, A« 3 \Ap). 
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6. 7?.-GRAPH SEMIGROUPS ASSOCIATED TO SUBSHIFTS WITH PROPERTY (A) 

There exist finite strongly connected directed graphs Q whose inverse semigroup 
Sg is associated to topologically transitive subshifts with Property (A) that are not 
topologically conjugate to ^-presentations |Kr31 Section 8]. However, as is seen 
from the following theorem, the class of 7^-graph semigroups that are associated to 
topologically transitive subshifts with Property (A) coincides with the class of 1Z- 
graph semigroups that are associated to Sji^, £~ , £ + ) presentations with Property 
(A). 

For a semigroup (with zero) S we set 

[F] = {F' e 5 : T(F') = T{F)}. 
The set [S] — {[F] : F <E S} with the product given by 

[G][H} = [GH], G,H e S, 

is a semigroup. 

Theorem 6.1. The IZ-graph semigroup S-ji($$, £ ~, £ + ) is associated to a topologi- 
cally transitive subshift with Property (A) if and only if the TZ-graph Q-ji(^P, £~ , £ + ) 
satisfies conditions (a), (&), (c) and (d). 

Proof. The 7?.-graph Q-jzity, £ ~ , £ + ) satisfies Condition (a) if the projection of 
,£ + ) onto [<S(*]3,£~ , is an isomorphism, and this is by Theorem 2.3 
of |HK) necessary for the TvL-graph semigroup <S(*P,£~ ,£ + ) to be associated to a 
topologically transitive subshift with Property (A). 

To prove necessity of conditions (&), (c) and (d), let X C S z be a subshift with 
property (A), and let S^jE ~ ,£ + ) be an 7?.-graph semigroup that is associated to 
X. 

Let (ei)o<i<i,I 6 N, be a cycle in £^, and let p — s(cq). Let p <E P{A(X)) 
be a representative of p, and let y G Yx be a representative of Ilo<i</ ei that * s 
left asymptotic and right asymptotic to the orbit of p. The density of Yx in X 
[HK[ Lemma 2.1] implies that y € A(X). Therefore [y]~ = [p]^, which contradicts 
Oo<i<J e i 7^ lp- This proves necessity of Condition (6—). The proof of the necessity 
of Condition (6+) is symmetric. 

Let p e such that 

(1) v{p)^P, 

and let e~ G ^k(P) an d e + € f^(p). Let p G P(A(A)) be a representative of 
p, and let g £ P(A(A)) be a representative of r/(p). Also, let y(— ) £ Yx be a 
representative of e~ , that is left asymptotic to the orbit of q and right asymptotic 
to the orbit of p and let y(+) E Yx be a representative of e+, that is left asymptotic 
to the orbit of p and right asymptotic to the orbit of q . The density of Yx in X 
implies that y{— ) and y(+) are in A(X). Therefore [p]~ — [q)~ and this contradicts 
(1). This proves necessity of Condition (c). 

Let q,r 6 <P, q 7^,r, let (e^~)o<i</(-), I(— ) € N, be a path in £^ from q to r 
and let (ef) 0<i<I ( + - j , € N, be a path in £^ from q to r. Let q € P(A(X)) 
be a representative of q, and let r 6 P(A(X)) be a representative of r. Also let 
y(— ) G Yx be a representative of rio<i</(-) e i~> that is left asymptotic to the orbit 
of q and right asymptotic to the orbit of r and let y(+) € Yx be a representative of 
rio<i</(+) e i > that is left asymptotic to the orbit of q and right asymptotic to the 
orbit of r. The density of Yx in X implies that y(— ) and y(+) are in A(X), and this 
means that the images under the projection of £ ~, £ + ) onto [<S(*P, £ - , £ ~)] of 
Ilo<i</(-) e i~ an d llo<i</(+) e i are the same. This proves necessity of Condition 
(d). 
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Sufficiency is assured by Theorem (3.3), from which it follows, that for 7\L-graphs 
Gii(y$,£ ~,£ + ), that satisfy conditions (a), (6), (c) and (d) the subshifts X(£~ U 
£ + ,yi,id£- U £+) have Property (A) and have as their associated semigroup the 1Z- 
graph semigroup S^CP, £ _ , £ + ). □ 

Examples of 7?.-graphs Qtz(^P, £~, £ + ) that satisfy conditions (a), (6), (c) and (d), 
are 

<£ = {p}, f-={a-,/3-}, f+ = {a + ,/3+}, 
7e= {(a", a+), (a", /?+), (/?-,«+)}, 

and 

<P = {p}, £-={a-, / 8-, 7 -}, f+ = {a+,/3+, 7 +}, 
^=(f- x£+)\ {(«",«+), (/3-,/3+)( 7 -, 7 +)}. 

Conditions (a), (6), (c) and (d) are satisfied in the case of the graph inverse semi- 
groups of finite directed graphs in which every vertex has at least two incoming 
edges. This is the case that was considered in |HIK] . More generally, these condi- 
tions are also satisfied in the case of 72.-graph semigroups S-jiity, £~, £ + ) where the 
7^-graph Gnffi, £~ , £ + ) is such that 

£-(K( V (p),p)) = 0, £ + (K( V (p),p)) = 0, p e 

This is the case that was considered in |Kr4] . 

For 7vL-graph semigroups Sn( s #,£~ ,£ + ) that satisfy conditions (a), (6), (c) and 
(d) the subshifts X(£ ~ U £ + , idf-u£+) are topologically conjugate if and only if 
their associated semigroups are isomorphic, if and only if the 7?.-graphs Qn £ ~ , £ + ) 
are isomorphic (see Kr3 , Kr4 ) . By this remark and by the results of section 4 and 
5 we have also shown that the Markov-Dyck shifts that arise from strongly con- 
nected directed graphs with up to three vertices are topologically conjugate if and 
only if the directed graphs are isomorphic. 
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